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Course Content

1. Introduction to Free-Electron Lasers
2. Basics of Relativistic Dynamics
3. One-dimensional Theory of FEL
4. Optical Architectures
5. Wigglers
6. RF Linear Accelerators
7. Electron Injectors
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Chapter 5
Wigglers
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Wigglers

• Maxwell Equations
• Wiggler Designs

– Pure Permanent Magnet
– Hybrid

• Wiggler Natural Focusing
• Two-plane Focusing

– Weak Focusing
– Strong Focusing

• Tapered Wigglers
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Maxwell Equations
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Physical Constants
Speed of light c 2.9979 x 108 m/s

Permeability of vacuum 0 4x 10-7 H/m

Permittivity of vacuum 0 8.8542 x 10-12 F/m

Free space impedance 0 376.73 

Electronic charge e 1.6022 x 10-19 C

Electron mass m0 9.1094 x 10-31 kg

Electron rest energy m0c2 0.511 MeV

Classical electron radius r0 2.81794 x 10-15 m

Alfven current I0 1.7 x 104 A
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Wiggler Designs
• Pure Permanent Magnet (PPM)

– No power required
– Highest magnetic field at very short wiggler periods
– Can accommodate two-plane quadrupole focusing magnets
– Susceptible to demagnetization

• Hybrid (Permanent Magnet + Iron or Vanadium Permendur)
– No power required
– Higher field if the gap-to-period ratio is less than 0.4
– Magnetic field non-uniformity is reduced if ferromagnetic is saturated
– Uses more magnet materials than PPM
– Susceptible to demagnetization

• Electromagnets
– No risk of demagnetization
– Lower magnetic field at very short wiggler periods
– Require external power sources and cooling
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Magnet Material Properties
• Rare-earth Magnets

– SmCo5

– Sm2Co17

– Nd2Fe14B
• Ferromagnetic Materials

– Iron
– Vanadium Permendur

• Room-temperature Electromagnets We will not consider
• Superconducting Electromagnets electromagnet wigglers here

– NbTi
– NbSn
– YBCO
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Magnetization Curves

Br Remanence

Hc Coercivity

Hysteresis curve starts from the origin and follows the dashed line to saturation 
(a). After the magnetizing force is removed, the curve moves to (b) and the 
magnets retains remanent field Br. Reversing the magnetizing force causes the 
magnets to be demagnetized beginning at (c) in the 3rd quadrant (danger zone).

First quadrantSecond quadrant

Third quadrant Fourth quadrant
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Permanent Magnet Materials
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Halbach PPM Wiggler Design
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Halbach PPM design uses 4 magnets per period for each jaw (8 on 
both jaws) to produce a sinusoidal vertical field (By) along the z axis.

Magnetic field lines

Magnet arrangement
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Peak On-axis Magnetic Field

g: Full gap between magnet jaws
Br: Remanence (a material property)
fM: Magnet filling factor
lM: Length of individual magnet (along z)
M: Number of magnets per period (one jaw)
fH: Magnet height factor
h: Height of individual magnet (along y)
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Peak on-axis magnetic field

Optimized Halbach design
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Hybrid Wiggler Designs
Straight poles

Wedged poles

Iron or
Vanadium Permendur

Permanent magnet 

Electron 
beam

Electron 
beam

w
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On-axis Field vs Gap-Period Ratio
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Hybrid wigglers are generally useful for maximizing on-axis field at small 
gap-to-period ratios. Hybrid wigglers also produce good field uniformity if 
the ferromagnetic material (iron or Vanadium Permendur) is saturated.
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Planar Wiggler Magnetic Field
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Planar wiggler with infinite x dimension
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Wiggler Natural Focusing
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Averaging rapid oscillations (twice the wiggler oscillation) yield the net focusing
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Vertical and Horizontal Motions
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Betatron motion is slow, large amplitude motion in the y direction over 
many wiggler periods due to gradient of By along the y direction. The field 
amplitude is proportional to the square of deviation from the center.
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Vertical Envelope Equation
• Vertical envelope equation with emittance

• Find matched beam envelope radius by setting             to zero
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If the focused electron beam is not the same as the matched beam radius, the 
y envelope will have betatron oscillations along the length of the wiggler.

Matched beam radius
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Wiggler Focusing in a Planar Wiggler

The electron beam is matched into the wiggler with external focusing (by a 
pair of quadrupole magnets) to form an ellipse (the long axis in x) at the 
entrance. The matched beam is round only at the center of the wiggler.

Conventional planar wigglers focus the electron beam only in the y 
direction. A pair of quadrupoles is used to focus the beam in x and y.

Wiggler x
y

x-y beam profiles at different locations

F D

x

y
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Two-plane Weak Focusing

Parabolic Pole Face Dual Canted Pole Face

Approximate x2 dependence of By at the centerQuadratic x2 dependence
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Two-plane Focusing Wigglers
• Wiggler field in a two-plane focusing wiggler

• For small values of x and y (near center) expand sinh and cosh terms 
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Matched Beam Radius for 
Two-Plane Focusing Wigglers

Equations for x and y envelope radii in two-plane focusing wigglers

where

Equal two-plane focusing Matched beam radii in x and y

Focusing in y is distributed to focusing in x in natural focusing wigglers.
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Strong (Quadrupole) Focusing
Canted Pole Face

External Quadrupole Magnets
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Weak-Focusing

Strong focusing

Strong two-plane focusing is used in most x-ray 
FEL to provide a smaller electron beam in the 
wiggler (higher gain). However, the longitudinal 
velocity is modulated by the transverse motion 
causing periodic dephasing of the FEL interaction.
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Wiggler with FODO Focusing
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Tapering
As the electron beam’s energy changes along the wiggler, the resonance 
condition is shifted toward lower beam’s energy. To maintain resonance, the 
wiggler period or aw must be reduced.  It is easier to change the wiggler gap 
g to change the wiggler parameter aw and thus the resonance energy.

Resonance condition at z0 Resonance condition at z0 + z

Rate of resonance energy change with respect to z          
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Different Tapering Methods
• Quadratic taper (black)

• Linear taper (red)

• Inverse taper (green)

• Step taper (blue)
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Hamiltonian of Pendulum
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Linear Tapered Wiggler

| | sin( )Ran z f d= + +

New term in pendulum eq.  
= phase acceleration 
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Taper Rate & Trapping Fraction

Tapered,  = 10Uniform (untapered)

Strong taper rate reduces the phase space area (and particle trapping fraction).

Tapered,  = 15

Courtesy of W. Colson
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Tapered Wiggler Power Growth
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Depending on the trapping fraction and taper length, tapering can increase 
the power by 2 – 5. The electron trapping fraction decreases with 
increasing resonant phase and becomes zero if resonant phase = .

Courtesy of H. Freund
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Chapter 6
RF Linear Accelerators
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RF Linear Accelerators (Linac)

• Introduction to RF Linac
• Properties of RF Cavities
• Coupled Cavity Linac
• Superconducting RF Linac
• Energy Recovery Linac
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Introduction to RF Linac

• Why RF linear accelerators?
• RF linac sub-systems
• Typical performance
• Design choices

• Travelling-wave vs standing-wave cavities
• Normal-conducting vs superconducting
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RF Linac Pros and Cons

• Straight linear geometry → No power loss due to synchrotron radiation
• Good beam emittance for short-wavelength FEL
• Can operate at high duty factor to produce high average current
• Can generate short electron bunches to produce high peak current

• Require complex phase and amplitude controls (Low-level RF)
• Large size

– Normal-conducting RF: size is dominated by RF generators
– Superconducting RF: size is dominated by helium cryoplants

• Long, skinny structures not suitable for small packaging

RF linac are the “tried and true” accelerators for short-wavelength FEL.

Pros

Cons
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RF Linac FEL Sub-systems

AC-to-DC
Converter

RF Accelerator Wiggler

LLRF
Control

Beam dump

Beam 
Optics

Magnet
Power 
Supply

Helium or Water
Cooling System

Water
Cooling System

FEL Optics

The largest component of an RF linac FEL is the accelerator and its supporting 
sub-systems. The choice of RF linac determines the FEL performance.

RF
Amplifier
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Power Flow in an RF Linac FEL

Power is transferred from wall AC → high voltage DC → RF → electron 
beams → FEL. The wall-plug efficiency, without energy recovery, is the 
product of efficiencies of all the conversion steps. RF-linac driven FEL without 
energy recovery have wall-plug efficiency much less than 1%. What we gain 
is substantial increase in phase space density, i.e., number of photons divided 
by phase space volume (product of area, solid angle, time and bandwidth).

AC-to-DC
Converter

AC power High-voltage DC power

RF 
source

RF Accelerator FEL
FEL power

RF power
e- beam power

LLRF Control

Beam dump
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RF Linac Typical Parameters
Electron bunches
at peaks of RF wave1/fb

Electron bunches

RF wave train

Typical RF frequency 325, 500, 805, 1300, 1500 & 2856 MHz
Electron charge 0.1 – 10 nC
Electron peak current 1 – 100 A
Electron average current 1 A – 10 mA
Accelerating gradients

Pulsed normal-conducting 30 – 50 MV/m
cw normal-conducting 2 MV/m
cw superconducting 15 – 35 MV/m
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• In a travelling-wave linac, the RF wave travels from one end of the linac to 
the other end and into a match load at group velocity vg < c. The phase 
velocity is slowed down (loaded) by irises to c (vp = c). Electrons are injected 
at the peak of the RF and co-propagate with the wave in the linac.

• In a standing-wave linac, RF power is fed into all the cells at once but the 
cavity field builds up slowly over time due to the high Q of the cavity. 
Electrons are usually injected when the cavity power reaches steady state. 
The phase velocity is zero; however, as the wave reverses periodically, the 
particles are synchronous only at a few specific values of phase advance.

Travelling vs Standing-wave

2
fill

Qt
w

=

c
fill

g

Lt




Cavity fill time in TW cavity

Cavity fill time in SW cavity
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Superconducting vs Normal-Conduting

Normal-conducting
• Copper at room temperature
• Cavities with nose cones
• Rs ~ 10 m
• Unloaded Q ~ 3 x 104

• RF consumption ~ 10 MW/m
• Power to remove heat ~ 1 W/W
• Electricity use ~ 10 MW/m
• Small aperture, large wake field

Superconducting
• Niobium at 2K or 4.2K (helium BP)
• Elliptical cavities
• Rs ~ 15 n
• Unloaded Q ~ 2 x 1010

• RF consumption ~ 50 W/m
• Power to remove heat ~ 1 kW/W
• Electricity use ~ 50 kW/m
• Large aperture, small wake field

SRF cavity 

beam aperture

NCRF cavity 

Beam aperture
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Properties of RF Cavities
• Wave Equations
• Waveguide Modes
• Cavity Modes
• Dispersion Diagram
• Stored Energy, Cavity Q and Losses
• Equivalent Circuits
• Shunt Impedance
• Transit Time
• Gradients, E0T and ZT2

• RF Coupling
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Wave Equations
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Wave equations in cylindrical coordinates

Boundary conditions for conducting surfaces:
E║ and B are zero
E is proportional to surface charge density
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TEM (transverse electric and magnetic) modes have no axial field.  TEM 
modes in coaxial transmission lines are used for power transmission at low 
frequencies. TEM modes are also used for acceleration in /2 and /4 cavities.

TM (transverse magnetic) modes have axial electric field. The lowest TM 
mode of a pillbox cavity, TM010 mode, is used for particle acceleration.

TE (transverse electric) modes have axial magnetic field. The lowest mode in 
rectangular waveguides, TE10 mode, is used for RF power transmission. The 
width of a rectangular waveguide is one-half the cut-off wavelength.

Waveguide Modes
Er

B

Ez

B

TEM TM TE

Ey

Bz
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Waves in Cylindrical Waveguide
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Wave equation becomes Bessel differential equation

For positive values of K2, solutions exist in the form of Jm (electric field) and J’m
(magnetic field) Bessel functions. The zeros of the Bessel functions correspond 
to solutions of the above differential equation.

2.405
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For negative value of K2, the waves cannot 
propagate (cut off). The cut-off wavenumber is

a
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TM Modes in Cylindrical Waveguides

TM01

2azE B

TM11

z

r

zE
rE

r



First index = number of full period variations in 
Second index = number of nodes of electric field in the radial 
direction (excluding the node at r = 0)
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Dispersion Diagram for 
Unloaded Waveguides
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Dispersion relation 

Slope = phase velocity > c
2
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g c w

u
w
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Light line, slope = c

k



c Slope = group velocity < c

TM or TE mode 

Phase velocity of EM wave is faster than the speed of light in uniform waveguides. 
Electrons see a time-varying electric field that averages to 0 (no net acceleration).

c ck cw =
Cut-off frequency
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Dispersion Diagram for
Periodically Loaded Waveguides

6 4 2 0 2 4 6

( )





 = kz

Passband

Stopband

v = c

The RF phase velocity is reduced by “loading” the structure with periodic 
structures. The dispersion curve intercepts the light line at the synchronous 
phase advance. For travelling wave cavities, the typical phase advance is 
2/3. The most common phase advance for standing wave cavities is .
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Pillbox Cavity

TM010 is the accelerating cavity mode. The 3rd index refers to number of half-period 
variations in the z direction. The resonance frequency of a pillbox is inversely 
proportional to its radius. The cell length is typically one-half the RF wavelength. 
Electrons enter and exit the cell at zero field and see maximum field in the center.
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TM010 Mode

Axial electric field is peaked on axis and decays to zero at the wall.
Azimuthal magnetic field is peaked at ~0.75a and does not vanish at r = a.
The stored energy goes back and forth between electric and magnetic fields.

TM010 has axial (along z) electric field.
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Surface Resistance
Normal conductor surface resistance 

1
SR

sd
=

Electrical 
conductivity 

Skin depth 

0 0

2
d

w m s
=

For normal conductors, resistance is caused by collisions with impurities, 
lattice defects, or ions due to their thermal motions. Superconductors have two 
components to surface resistance: BCS resistance and residual resistance.

RT copper at 1.3 GHz  = 5.8 x 107 A/(V-m)       = 1.7  Rs = 10 m

2K niobium at 1.3 GHz RBCS = 7 n Rres = 8 n Rs = 15 n

Superconductor surface resistance 

S BCS resR R R= +
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Stored Energy, Loss and Cavity Q
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Ohmic loss 
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Cavity unloaded Q 

0 SG Q R=

Geometric factor depends only on cavity shape, and is independent of 
material, size or frequency. Typical G is about 270  (the higher the better).
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H
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0
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S

Z f
Q

R
= Geometric factor 

Z0 = 377 

Cavity unloaded Q is the ratio of stored 
energy to power loss per cycle. Cavity Q 
is a function of both geometry and 
material (surface resistance). The 
geometric factor G is measured in ohm. 
For a given G, the lower the surface 
resistance, the higher the cavity Q.
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Lumped Circuit of an RF Cavity

Vc
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L
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0
1
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w =

Resonance frequency

2 21 1
2 2cU CV LI= =

Stored energy

2 2

2 2
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c
V I RP

R
= =

Power loss per cycle

0 0Q RCw=
Cavity unloaded Q The cavity resonance frequency can be changed by 

adjusting its inductance or capacitance. Cavity inductance 
depends on the magnetic volume in the cavity. Capacitance 
depends on the spacing between the nose cones at the 
beam apertures. The unloaded Q scales linearly with shunt 
impedance, and inversely with surface resistance.

0
S
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Shunt Impedance
Shunt impedance is a measure of how efficiently a cavity utilizes RF 
power toward accelerating the beam. The larger the shunt impedance, 
the higher the gradient at a fixed ohmic loss (or the lower ohmic loss for 
a given gradient). Shunt impedance per unit length (M/m) is equal to 
the square of gradient (MV/m) divided by the ohmic loss (MW).

2
0

c

E LRr
L P

= =

We can also calculate the RF power usage 
from the beam energy and accelerator length

( )
2

2
b

cP
ZT L

=
E

Transit-time corrected shunt impedance

( )2
02

c

E T L
ZT

P
=

Shunt impedance per unit structure length

For copper linac, the shunt impedance per unit 
length depends on square root of frequency

2 1.28 M fZT
m MHz

æ öW÷ç= ÷ç ÷çè ø
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R/Q
R/Q is a frequency- and material-independent geometric factor

For the fundamental TM010 mode, large R/Q is good (low RF consumption for 
the same material). One can increase R/Q by changing the cavity from pillbox 
shape to re-entrant shape.

2

0

cVR
Q Uw
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2
2
0

1a
w

µ µ

3
3
0
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w

µ µ

Pillbox TM010 R/Q = 196 

Elliptical TM010 R/Q  ~ 120 

R/Q =196  R/Q <196  R/Q >196 

Pillbox Rounded pillbox Re-entrant
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Coupled Cavity Linac (CCL)

0 mode

/2 mode

 mode

 mode
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Cell-to-Cell Coupling

Magnetically coupled cavities Electrically coupled cavities

Coupled cavity linac is characterized by the phase advance from cell to cell. 
Typical phase advances for standing wave cavities are 0, /2 and . The 0 
mode has the highest frequency in magnetically coupled CCL while the 
mode has the highest frequency in electrically coupled CCL.
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Dispersion Diagram for CCL

Dispersion diagram for CCL plots the mode frequency as a function of phase 
advance. For this CCL, the  mode is separated from the next mode by f. 
To avoid field distortion due to mixing of nearby modes, the mode separation 
f must be large compared to the bandwidth of the RF source.

Frequency separation
between adjacent modes
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d k
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Frequency of CCL modes

 = cell-to-cell coupling
= phase advance

Strong cell-to-cell coupling (large ) 
means large frequency separation 
between modes, hence stable operation.
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Transit Time
Transit time factor is defined as the ratio of voltage gain of an RF cavity 
relative to a DC cavity. Transit time factor is due to the sinusoidal variation of 
electric field during the electron transit through the cavity. To increase the 
transit time factor, one has to decrease the gap d between the cavity walls. 
This is often done by adding nose cones to NCRF cavities.
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Energy Gain

Energy gain for particles with phase 
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Panofsky equation (for electrons)

0 cosW eE TL fD =-

The energy gain for the electrons in a TM010 electric field depends on the 
injection phase, defined such that  = 0 corresponds to maximum 
accelerating field (on crest).
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The second term is an odd function of z, so it 
integrates to zero. The first term integrates to

Transit time factor
E0T is the effective accelerator gradient, Eacc
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Accelerating Gradients
• Spatial average axial electric field: E0

• Average structure accelerating gradient, Eacc

• Packing factor: length of active structure/total length

• Real-estate gradient

0
0

i tE e w J+=E

0accE E T=

acc
p

total

Lf
L

=

real acc pE E f=

For pulsed NCRF cavities at 3 GHz, the peak on-axis accelerating gradient 
is typically 50 MV/m. The average (transit time = 0.7) gradient is about 30 
MV/m. Typical packing factor is 0.7 so real-estate gradient is ~ 20 MV/m.

For cw SRF cavities at 1.3 GHz, peak on-axis accelerating gradient is about 
35 MV/m. The average (transit-time corrected) gradient is ~ 20 MV/m. 
Typical packing factor is 0.5, so the real-estate gradient is about 10 MV/m.
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Power Loss per Cavity

Normal-conducting Pillbox
• Surface resistance

• G ( = QRs) is 257 

• Q0 ~ 25,000

• R/Q is ~200 

• r ~ 50 M/m

• Pc at 1 MV/m is 20 kW/m

Superconducting Elliptical
• Surface resistance

• G ( = QRs) is about 270 

• Q0 ~ 2 x 1010

• R/Q is about 120 

• r/Q ~ 600 /m

• Pc at 1 MV/cell is ~10 W/m
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RF Coupling

Microwave generator
(e.g. klystron, IOT)

Power coupler
(eg. waveguide, co-axial) RF cavity

The microwave generator is typically connected to a circulator (not shown) 
and rectangular waveguides that transfer RF power to the cavity via a power 
coupler. A power coupler is used to match the waveguide impedance into the 
cavity impedance. If the impedance is not matched, RF power will be 
reflected back to the circulator. The circulator then directs the reflected power 
to a matched load (protecting the generator from seeing the reflected power).

Waveguide
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External Q
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Typical unloaded Q is 1010 and external Q is about 106
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Coupling Beta with No Beam
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Cavity power
Reflected power is zero at =1 (critical coupling)
Max. cavity power at =1 is equal to forward power.
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Lumped Circuit of Cavity with Beam
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Voltage Phasor Diagram

g c bV V V= +
Generator voltage

If electrons are injected off-crest, the cavity 
resonant frequency is not exactly the driving 
frequency. The detuning angle is given by
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Coupling Beta with Beam Loading

Total power
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Reflected power is minimized by “matching”
the coupling beta to the cavity coupling with 
beam. Note the cavity is “matched” only at 
one beam power (beam current).
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Heavy Beam-Load Phasor Diagram
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Generator voltage
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